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Mathematical treatment for the oscillation of the
solution of the equation for Foucault’s pendulum
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1 Introduction

We shall consider the 4-dimensional non-linear system
&= Az + f(x) (1)

where 2 = z(t) is the 4-dimensional vector-valued function of ¢, z = (xx(t)),

1< k<4, 1= (%xk(t)), 1 < k < 4, |z| the norm of z, for example

4
|z| = Z |zk|, f(x) is differential with respect to x,
=1

[f(@)] =o(|z])  asl|z| =0 (2)

and moreover A is the constant 4 x 4 matrix, A = (aij)E;%l, and |A| the
operator norm with respect to |z|. As is stated in the below, the equation
for Foucault’s pendulum may be written in the form of (1) and (2), and

furthermore the following assertion is made in the arguments of its physics.

If every eigenvalue of A is not a real number and if |z(0)| is sufficiently
small and not zero, then each component x(t) of solution z(t) oscillates.
Although this assertion is seemed in the physics to be treated with no prob-
lem, we propose to investigate it from the view of mathematics.

Now, the equation for Foucault’s pendulum is the following

I +ar=by— zv 3
§+ay=—bi—cz— fv (3)
where t is time, x and y are functions of ¢, - denotes the derivative with
respect to t,v is defined by (4)

{ v =224+ 9%+ 2 + b(zy — dy) + c(yz — y2) — cly — gz

_ . _ widyg (4)
z=1—1?—22—y?, =TT
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and g is the gravitational constant, [ the length of the string of the pendulum,
a = %, b and ¢ are positive constants determined from the latitude on the
earth to the position of the supporting point of the pendulum. Our initial
condition is that z(0) # 0 and z(0) = y(0) = ¢(0) = 0, and it is a feature
that y(¢) begins to oscillate as ¢ goes on, which exhibits the rotation of the
earth.

When we set that z = (z, 2,y,9), the linear part of (3) may be written
in the following system

&= Ax (5)
where
0 0 1 0
—a 0 0 b
A= 0 0 0 1 (6)
0 —-b —a O

and f(z) comes from v.

The assertion made in the arguments of physics is the following : (3) is
reduced to (5) by the neglect of higher order terms of ¥ and ¥ when § and
4 are sufficiently small, and since every eigenvalue of A of (6) is distinct
and pure imaginary number, x(¢) and y(t) of non-identically zero solutions
of (5) oscillate. Therefore z(t) and y(¢) of non-identically zero solutions of
(3) with small initial value oscillate ( see [3], [4], [5], [6] ).

We think that the oscillations of solutions of (5) do not necessarily im-
ply the oscillations of solutions of (3) with small initial value, and as our
conclusion of the investigation that we additionally require the stability for
identically zero solution of (3), which may guarantee for the above reduction
to hold for all ¢ > 0 and result the infinitely many times oscillations of x(t)
and y(t), respectively.

We shall state our results of Theorems 1, 2 and 3 in below, whose proofs
will be shown in the section 2, respectively. Through this paper we may
assume that A satisfy the following conditions (i) and (ii) :

(i) every eigenvalue of A is not a real number

(ii) A cannot be taken to the following form by any permutation of 1 < 4,

j<d
(A 0

where A1, Ay, A3 and O are 2 x 2 matrices and O is the zero matrix.

Theorem 1

Let u(t) = eu(0) , where u(0) is the 4-dimensional nonzero vector. Then
each component uy(t) of u(t), 1 < k < 4, is not identically zero and oscillates
infinitely many times in the manner such that uy(t) changes its sign on the
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interval [nT', (n + 1)T'], where T is a positive constant and n is any positive
number, that is, there exist at least two numbers t; and to, nT < t; < t9 <
(n+ 1)T, such that

up(t1)ug(t2) <0 (7)

Remark 1
In the proof of Theorem 1, two kind of T'’s are given depending on the
multiplicity of eigenvalues of A.

Theorem 2
Let z(t) be a solution of (1) with initial condition 2:(0) which is not zero and
sufficiently small. Then each component x(t) of x(t) for 1 < k < 4, changes
its sign on the interval 0 < t < T, where T is the constant of Theorem 1,
that is , there exist at least two numbers t1 and to, 0 < t1 < t9 < T, such
that

wg(t1)wg(te) <0 (8)

Moreover, if the identically zero solution of (1) is stable, then each com-
ponent xi(t) of x(t) oscillates infinitely many times in the manner as in

(7).

Remark 2
The stability of identically zero solution of (1) is not seemed to be known
because the eigenvalues of A of (6) are purely imaginary numbers.

Next we shall treat the damped case of (3) such that
T+ ki +ar =by — pv
§+ky+ay=—b —ci— jv
where k is a positive constant.

Theorem 3
Assume that (10) and (11) hold

a < 4 (10)

\/K2+a(4:l(i)il2a+b)2—K (11)

k'2

where K = 2a + 2b? — ab® — 2a®. Then the identically zero solution of (9) is
asymptotically stable. Consequently if |z:(0)| 4 |2(0)| 4 |y(0)| + |g(0)| is not
zero and sufficiently small, then the both of x(t) and y(t) oscillate infinitely
many times in manner of (7), respectively.

Remark 3
Since a = ¢, (10) means that [ is sufficiently large compared with g.
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2 Proofs of Theorem 1, 2 and 3

2.1 Proof of Theorem 1

Clearly u(t) satisfies
u(t) = Au(t)

which may be written in the following such that for 1 < k < 4,
4
g (t) =) apju;(t) (12)
j=1

Now we shall prove that
ug(t) Z0 forl1<k<4 (13)
On the contrary suppose that some componentof u(t) is identically zero, say

ul(t)

0 (14)

If a9 = a13 = a14 = 0, then a1 must be the real eigenvalue of A, and hence
a1 is not zero for some 2 < k < 4, which may be written by a permutation
of {1,2,3,4} that

ai192 75 0 (15)

and moreover by a suitable choice of the unit of ¢ that
ajpg =1 (16)
Tt follow from (12) that
Uy = —ai3uz — a4ty (17)
and moreover that ug and uy satisfy the 2-dimensional system
@)elz) e
Uy Uy

where B is the 2 x 2 matrix, B = (b”)%é;é%, and

bi1 = ag3 — az2a13 bi2 = azs — azaaiy

b1 = aa3 — as2a13  boo = Aas — a42a14
Now we shall show that
uz =ug =0 (19)
If (19) does not hold, then the two eigenvalues of B are not real numbers.

In fact, in the case of (i) where eigenvalues of A are simple complex numbers,
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we may write these eigenvalues in form such that A\; = a1 + i1 and Ay =
g+, where aq, as, 81 and By are real numbers, 51 # 0, B2 # 0 and either
a1 # ag or 1 # By. Therefore the argument of the Jordan canonical form
of A shows that u3(t) and u4(t) take the form such that

U (t) = ealt(Ckl cos 1t + Dy sin f1t) + 6a2t<ck2 cos PBat + Dys sin ﬁgt) (20)

where Cy1, Cro, D1 and Dy are constants for k = 3 and for £k = 4. On the
other hand, in the case of (ii) where eigenvalues of A are double and complex
numbers, we may write these eigenvalues in the form such that A = o 4 i3,
where « and 8 are real numbers and § # 0, and us(t) and u4(t) take the
form such that

ug(t) = e {(Cr1 + tCha) cos Bt + (Dyq + tDyg) sin Bt} (21)

where Ci1, Cia, Di1 and Dys are constants for & = 3 and for k = 4. In order
that (18) has the solution of the form of either (20) or (21), eigenvalues of
B must be complex conjugate numbers, say A = a + i3, where « and [ are
real numbers and 8 # 0. Therefore both (20) and (21) are reduced to the
form such that

ug(t) = e*(Cy, cos Bt + Dy, sin Bt) (22)

where C), and D, are constants for k¥ = 3 and for £ = 4. We shall show that
uz(t) = 0. From (18) it follows that

dg(t) = byjus(t) + b12U4(t) (23)
and hence substituting (22) into the right hand side of (23) we obtain that
u3(t) = e*(F cos Bt + Fqsin ) (24)

where F1 = b11C3 + b12Cy and Es = b1 D3 + b1aD4. On the other hand, it
follows from the direct differentiation of usz(¢) of (22) that

Zlg(t) = 6at{(a03 + BD;),) cos Bt + (OéDg — ﬂc;),) sin ﬁt} (25)

Equating the both of the right hand sides of (24) and (25) we may obtain
the equation such that

aCs + D3 = Ey

aDs3 — C5 = Es (26)
Since (26) must hold if § is replaced by —f, it follows that
aCs — D3 = En
27
aDs + C5 = Ey (27)
(26) and (27) implies that
Cs3=D3=0 (28)
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which implies that ug = 0. Similarly we may show that uy = 0. Above all
we obtain that ug = uy = 0, which contradicts to our assumption such that
(19) does not hold.
Next we shall show that (7) holds. If (7) does not hold, then we may
assume that
up(t) >0 for nT <t<(n+1)T (29)

for some k,1 < k < 4, and for some positive number n. Firstly we shall teat
the case where eigenvalues of A are simple, and hence ug(t) takes the form
of (20). In this case we set T to be any number such that

e T

where both of 81 and B2 in (20) are assumed to be positive. Now we consider
the function w(t) such that

w(t) = ey (t) (31)
that is
w(t) = Cgy cos f1t + Dy sin Bit + e<a2*“1>t(ck2 cos ot + Dy sin fat)
(29) and (31) imply that
w(t) >0 for nT<t<(n+1)T (32)
Moreover we see that

w(t) +w(t+ %) = elaz=an)t (p) (33)

that is

2(t) = Cha cos Bat+Dyg sin Byt+el®2 ™5 {Cr2 COS(B2t+§27T)+Dk2 Sin(52t+g2”)}
1 1

where (32)implies that

z(t) >0 for nTﬁtSnT—l—T—ﬁ1 (34)
1
Since -
2(t) +z(t+E) =0 (35)

it follows from (34) that

z(t)=0 for nTStSnT—i—T—i—l (36)
B B2
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Therefore (33) implies that
T T ow
wlt)+w(t+—)=0 for nT <t<nT+T— — — —
) ( 51) b B
and hence (32) that

w(t) =0 for nTgtgnT+T—1_1
B Be

which implies together with (31) that

ug(t) =0 for nTgtgan—T—%_%

Since u(t) is analytic for t and T' > £ + Z-, (39) implies that
up(t) =0

which contradicts to our first assertion of Theorem 1.

(37)

(40)

Secondly we shall treat the case of (i) where eigenvalue of A are double
complex numbers, and hence uy(t) takes the form of (21). In this case, we

set T to be any number such that

s
T>—
B

where (3 is the number of (21) and positive. Now we consider
w(t) = e uy(t)
this is
w(t) = (Cr1 + tCxa) cos Bt + (Dy1 + tDys) sin St
(29) and (42) imply that
w(t) >0 for nT <t<(n+1)T
Since

w(t)—l—w(t—l—%) =

it follows from (44) that

w(t) =0 for nTﬁtSnT—kT—%

and hence from (42) that

up(t) =0 for nTStSTLT‘FT—%

Since u(t) is analytic for ¢ and T' > %, we may see that

’U,k(t) =0

which is a contradiction. Thus the proof of Theorem 1 is completed.
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2.2 Proof of Theorem 2

Firstly we shall prove the first part of our assertion such that each component
x(t) changes its sign on the interval [0,7] when |z(0)| is not zero and
sufficiently small.

On the contrary suppose that this does not holds, and hence that

xp(t) >0 for 0<¢t<T (48)
Setting m to be the number such that

m = max |z(t)]
0<t<T

which is positive, we may see from the continuity of solutions of (1) with
respect to its initial value z(0) that

m — 0 as |z(0)] =0

and from (2) that

m
we may obtain the following
t
i(t) = Au(t) + 720 (50)
m
lu(t)] <1 for 0<¢t<T (51)
lu(s)] =1 for somes, 0 <s<T (52)
We may obtain from (50) that
la(t)| < |Al+1 for 0<t<T (53)

when |2(0)| is sufficiently small. Since (51) and (53) imply that the fam-
ily {u(t)}, where m is sufficiently small, is uniformly bounded and equi-
continuous on [0, 7], and hence we may assume by Ascoli-Arzera’s theorem
that {u(t)} converges uniformly on [0,77] as |x(0)] — 0. Therefore we may
set

w(t) = x(lé)ﬂ_l}()u(t) (54)

and hence it follows from (49) and (50) that

W(t) = Aw(t) (55)
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where (52) implies that |w(o)| = 1 for some o, 0 < ¢ < T and (48) implies
that
wi(t) >0 for 0<¢t<T (56)

These contradict to the conclusion of Theorem 1, and hence the first part of
our assertion is proved. The second part is proved similarly. In fact, since
the identically zero solution of (1) is stable, we may assume that z(t) is
sufficiently small for all ¢ > 0 when z(0) is sufficiently small. Therefore the
argument of our first holds for [nT, (n+1)T] for any positive number n, and
hence each component z(t) changes its sign on [nT, (n+ 1)7T], which shows
the second part of our assertion. Thus the proof of Theorem 2 is completed.

2.3 Proof of Theorem 3

We shall prove that identically zero solution of (9) is asymptotically stable.
The linear part of (9) is the following

T+ ki 4+ ax = by

i+ ky+ay = —bzx (57)
which has the characteristic equation such that
M4 a X+ aa\? +azh+ag =0 (58)
where
a1 = 2k, ay = k*> + % + 2a, a3 = 2ak, a4 = a® (59)

It follows from [Routh-Hurwitz problem, 2] that generally every root of (58)
has a negative real part if and only if

ay >0, ag >0, az(ajaz — a3) > a3a4 (60)

which is equal to the following in the case of (59)
(4 — a)k* + 2KE*> — a(4 — a)(2a + b)> > 0 (61)
Since (10) and (11) implies (60), every root of (58) with (59) has a negative

real part. Therefore [Theorem 1.1, 1] guarantees that the identically zero
solution of (9) is asymptotically stable, and hence the proof is completed.
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