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ABSTRACT

Recent theoretical studies on exciton absorption in carbon nanotubes in an effective-mass approximation are
reviewed. It is clarified that one-dimensional character plays important roles in optical properties of carbon
nanotubes. For semiconducting tubes, exciton effects for polarization perpendicular to the tube axis cause
prominent peaks in optical absorption spectra in spite of the depolarization effect. Calculated excited exciton
energies for parallel polarization well reproduce measured energies for one- and two-photon absorption. Excitons
can also exist in metallic carbon nanotubes.
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1. INTRODUCTION

Carbon nanotubes are rolled up two-dimensional (2D) graphite sheets, which can be metallic or semiconducting
depending on the chiral vector giving the circumference. Because of the quasi-one-dimensionality, exciton effects
play dominant roles in their optical properties. In this paper, we review recent theoretical studies on exciton
absorption in carbon nanotubes based on a unified scheme using an effective-mass-approximation.! *

For light polarized parallel to the tube axis, it was predicted®® that the band gap is enhanced considerably
by the Coulomb interaction and that exciton binding energy is comparable to but slightly smaller than this
enhancement. As a result, the intensity of the optical absorption is focused on exciton energy levels lying
higher than the band gap in the noninteracting case. This prediction was confirmed both theoretically® ' and
experimentally.!' '3 For metallic nanotubes, the presence of exciton effects was theoretically suggested® 1415
and also addressed experimentally.!4

Excited excitons were also studied by two-photon absorption and other methods.®1¢ 23 In a one-particle

model, the two-photon transition was prohibited between band edges.'® Photoluminescence experiments with
two-photon absorption revealed that difference between the energies of one- and two-photon transitions is substan-
tial, typically a few hundred meV, leading to the clear conclusion that the absorptions arise from excitons.?0 22
Moreover, calculations with exciton effects were performed and used for the estimation of exciton binding-energy
from experimental one- and two-photon peaks.

While for polarization perpendicular to the tube axis, it was shown based on a one-particle model that the
depolarization effect considerably reduces absorption, leading to anisotropic optical properties.?*2° However,
it was theoretically shown for semiconducting tubes that exciton effects also cause distinct peaks in absorption
spectra though their intensity is reduced as compared to that for parallel polarization.» %26 Recent experiments
observed absorption peaks with reduced intensity which are located at energies close to the second peaks for the
parallel polarization.?” 2° All of these are in good agreement with the theories.

In this paper, we show theoretical studies on exciton effects on cross-polarized-light absorption and two-
photon absorption in semiconducting tubes and on excitons in metallic tubes. The paper is organized as follows:
In Sec. 2 an effective-mass approximation is given. Numerical results are described in Sec. 3 and discussed in
Sec. 4. Summary and conclusion are given in Sec. 5.
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2. EFFECTIVE-MASS APPROXIMATION

2.1 Energy bands and wave functions

In a 2D graphite sheet shown in Fig. 1(a), the conduction and valence bands consisting of 7 states cross at K
and K’ points and the electron motion around these points is described well by a k - p equation corresponding
to a relativistic Dirac equation with vanishing rest mass. Around the K point, for example, it is given by30 32

7(5 - k)F(r) = eF(r), (1)

where F(r) is a two-component envelope function, the x and y coordinates are chosen in the circumference and
the axis direction, respectively, as shown in Fig. 1(b), € is an eigen energy measured from the Fermi energy, v a
band parameter, & = (0, 0,) the Pauli spin matrix, and k = —iV a wave vector operator.

(b)

Figure 1. Schematic illustration of (a) 2D graphite and (b) nanotube.

Electronic states for a nanotube with a sufficiently large diameter are obtained by imposing the boundary
condition around the circumference direction:

F(r+ L) = F()exp (- 22, (2)
with L a chiral vector shown in Fig. 1(a) and v an integer determined uniquely as ¥ = 0 (metal) or £1
(semiconductor) through ng,+mn, = 3M +v with integer M, where n, and n, are integers defined by L = n,a+n;b
and a and b are the primitive translation vectors shown in Fig. 1(a). The energy bands are specified by o = (£, n)
and the wave vector k in the axis direction, where n is an integer, ‘—’ denotes the valence band, and ‘+’ the
conduction band. The wave function for a band associated with the K point is written as

1 . . y
For(z,y) = NI exp [m,,(n):r + zky]Fak, (3)

with A being the length of nanotube,
2n v
mon) = = (n—3), (4)

L 3
and
v 1 (b,,(n,k)) (5)
ak \/5 Se )
wher
e by, k) = ek (©)
VAT ku(n)? + k2
and +1 (a=+,n),
s (7)
7 1-1 (a=—,n).
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The corresponding energy is given by
exn(k) = £yVK(n)? + K2 (8)

A k- p equation near the K’ point is given by Eq. (1) in which oy is replaced by o;. The wave function and
energy are given by Eq. (3) with the complex conjugate of FY, and Eq. (8), respectively, in which » is replaced
by —v.

2.2 Electron-electron interaction

The Coulomb potential at r = (z,y) due to a charge —e at the origin is

71'62

KL fsin? (na/L) + (wy/L)>

Viz,y) = (9)

where k is an effective dielectric constant describing screening by electrons in ¢ bands, core states, and the 7
bands away from the K and K’ points. Then, a matrix element of electron-electron interaction between an initial
state specified by single-particle states (3,%) and (o/,k + q) and a final state specified by (o, k + ¢) and (8, k)
in a band associated with the K point where o = (£, n), 8 = (£, m), etc. becomes

V0o ks B, k) (B kil tq) = /dl‘l /der(n —12) [Fhiyq(r1) - For(r1)] [Fhp(r2) - Farkgq(ra))

2¢? Lq| Llq|
= 67z—m,n’-m/m( ak+q Fﬁ k)(F[j’ k F 4 k+q)—[in m|( Gy )K|n—m|<'ﬁ)7 (10)

where I,,(t) and K,,(t) are the modified Bessel functions of the first and second kind of the order n, respectively.
Around the K’ point, the matrix element is given by a complex conjugate of Eq. (10) with replacement v — —v.

The static polarization function for electrons near the K point calculated in the random-phase approximation
becomes
e

2 f(y/ k'+q — fﬁ' k'
=2 On— m,n’—m' F5 . - FY o o k' Ak , q ) 7 11
n—m( (;I %: B,k ol k +q| golear (K" + q)]goles ( )]E(,/(k’ D ) (11)

where f,  is the Fermi-Dirac distribution function for e,(k) and go(e) a cutoff function with cutoff energy e,
defined as
gge

gole) = m7 (12)

with o, being chosen such that go decays sufficiently smoothly and the integral converges. The polarization
function near the K’ point, IIX" (q), is given by Eq. (11) with v — —v and replacement of the energy at the K
point £,(k) with that at the K’ point. Then, the dielectric function is given by

The screened Coulomb interaction is given by

Ya,k+a;8,k) (B ki’ k+q) (14)

Viak+qi8.k)(8" ki ktq) = (@)
Tn—1rrn

The total Hamiltonian consists of the kinetic term in Eq. (1) and the Coulomb interaction with matrix elements
given by Eq. (14).

The cutoff energy should be of the order of the half of the m-band width 3+, where ~y is the resonance
integral between nearest neighbor sites and related to the band parameter through v = (v/3/2)ayo with a = 2.46
A being the lattice constant. Therefore, e.(2mv/L) !~ (v/3/7)(L/a) =v/3d/a, with d being the diameter of the
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nanotube. In the following numerical calculations, we use £.(2my/L)~! = 10 which corresponds to a diameter
~ 1.4 nm.

The strength of the Coulomb interaction is characterized by the dimensionless parameter (e?/kL)(27y/L)™},
which is the ratio of the typical Coulomb energy e?/xL and the typical kinetic energy 27w+ /L. For a rough estimate
of the interaction strength, we can use the relation v = (v/3/2)ayy with 49 ~ 2.7 eV which well reproduces
experimental excitation energies as will be shown in Sec. 3.2 and then have (e?/kL)(27y/L)™! ~ 0.4/k. The
exact value of k is not known, but we can expect that & is not so much different from 2.4 in bulk graphite. Then,
the interaction parameter lies roughly in the range 0.1~0.2. Therefore, (e?/xL)(27y/L)™! = 0.2 is used in the
following unless specified otherwise.

2.3 Exciton

We shall use a screened Hartree-Fock approximation to calculate interaction effect on the band structure and
introduce an attractive interaction between a photo-excited electron and a remaining hole using the Coulomb
interaction screened by a static dielectric function. Various approximation schemes were compared and this was
shown to be sufficient for single-wall nanotubes.?334 Actual calculations can be performed by solving equation
of motion for an electron-hole pair.® % 35

An exciton near the K point with the momentum 27Al/L in the circumference direction is written as

lu, ) =D W (R)eh 4y pe nklg)s (15)
n,k

where cl . and cq i are the creation and annihilation operators for electrons, respectively, and |g) is the ground

state. The equation of ruoti-m for a: eveiton in the above approximation is given by

guwi(k) = (Asn,k + Azn,k) (2% \ )= :_; - N ,'ln,k:+q;—,n,k)1/)£n(k + Q)a (16)
m,q
where
Afn,k - €+,n+l(k) - 6—,n(k)a (17)
Azn,k = E-f—,n*l—l,k - E—,n,k» (18)

with X4 ,, & being the self-energy. In the conventional screened Hartree-Fock approximation, it is given by

/
tnk = T Z Vi nki— m kbt g) (= m ki 4,n,k) o (19)

mq
at zero temperature, where the summation is over the occupied valence bands. The particle-hole symmetry is
broken in the self-energy of Eq. (19) although very weakly when the cutoff function is introduced. In order to

avoid this weak insufficient feature, therefore, we should redefine the self-energy with the particle-hole symmetry

as33
1

z::I:,n,k = i§( f4—,n,k - Z/—,n,k)' (20)

2.4 Dynamical conductivity

Optical absorption is characterized by the dynamical conductivity. In order to calculate it, we use the Kubo
formula®® where the dynamical conductivity is given by a current-current correlation function. Near the K point
the £ and y components of the velocity operators for the wave vector 27l/L in the circumference direction are
given by

= —a,,eile, (21)

with u = {z,y} and 0 = 2rz/L. At the K’ point, o, is replaced by o,,- Its matrix element between the ground

state and the exciton state is
(w,ldhlg) =Y (Wl )n ity (K), (22)
n.,k
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where (vfl)n,k is a matrix element of f)fl between a one-particle state with s, (n+1) and k at the conduction band
and that with x,(n) and k at the valence band for the K point. For the K’ point it is similarly defined for states
with K_,(n +1) and k at the conduction band and with k_,(n) and k at the valence band. For the K point it

becomes

[ Y vx v
(th)'r]l(:k = ﬁF+,n+l,kto-ltF—,'n,,k,7 (23)

and for the K’ point it is given by complex conjugate of Eq. (23) with v — —wv.

For light with the momentum 27#/l/L in the circumference direction, the associated dynamical conductivity

is given by
Qhe —thwl A
!
= 24
Tun 22 cule2 — (hw)? — 2ihwl]’ (24)

KK' u

where a factor 2 in front of the sum comes from the spin degeneracy, and a phenomenological energy broadening

I" has been introduced. For the parallel and perpendicular polarlzatlons the absorption is characterized by 0 0

l :tl 24,25,31

and o.,"", respectively.

For cross-polarized light the depolarization effect must be considered.?*25 It is taken into account in a self-
consistent-field method where an optically induced current and electric field which electrons feel are determined
self-consistently.??25 Then, absorption power is in proportion to the real part of 6, (w) defined as

G () = %[ (W) + 6127 W), (25)
where . ()
5ln:1:(w) - Egj(w) ’ (26)
with
f 4n?i
g (w)=1+ 0 (w) (27)

In this case exmtatlon energies are given by zero points wy of €. (w) which satisfy

472

I‘&Lwo

Efl}.’[(wo) =1+ Ollzm(wo) =0. (28)

When the depolarization effect is neglected completely, the absorption is proportional to the real part of the
0.(w) given by

=1

Opz(W) = [Uz; (w) + Uii_l(u))] . (29)

A dimensionless oscillator strength of the lowest exciton absorption peak for parallel polarization is defined

as®

£ e o) 30)

)
E’lt

where with |u) = |u,l = 0) in Eq. (15), 9, = 9,7 in Eq. (21), and the effective mass of the first conduction

band is defined by
2rh?
= . 1
m 3L (31)

The oscillator strength for perpendicular polarization is given in the same way by

kL3wo 1 0el -1
Tt (a0 (52)

fu=2m h Ow
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2.5 Two-photon absorption

In calculations of two-photon absorption, we shall confine ourselves to the low-energy regime below the interband
continuum and therefore completely neglect multi-exciton states such as a bi-exciton. For parallel polarization
where the electric field is given by

FE, =0, E,=E(e”™"+¢e"h), (33)
a two-photon energy-absorption rate per unit length is given by ﬁ(w)E4 with an absorption coeflicient
_ {u]dy|u') (u I%Ig)
Aw) _w3A ZZZ hw — £4 (2w ~ eu)- (34)

KK’ uw | v

Using typical scales of physical quantities in nanotubes, a dimensionless absorption coefficient 3(w) is given by
€4L5 _
87r3h’)’2 ﬂ(w) °

Then, we can see that the absorption coefficient is proportional to the fifth power of the circumference length.

Blw) = (35)

The velocity matrix elements for the K point are given by

¥

(u'l0ylg) = ZZ \/_sz)“ (k), (36)
and
(ultyu') = ZZ \/K——m Ui (k) (k), (37)

where ¥ (k) is the wave function ¥ (k) in Eq. (15) for an exciton denoted by u with the zero momentum [ = 0.
Those for the K’ point are given by the complex conjugate of the above with the replacement v — —v. The
wave function ¥%(k) is an even or odd function of &, that is,

Y (—k) = 295 (k). (38)
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Therefore, it can be seen from Eqs. (36) and (37) that states with even parity are excited from the ground state
by one-photon absorption and those with odd parity are excited by two-photon absorption. This selection rule
obtained within the effective-mass scheme corresponds to the more general rule based on the symmetry under
the 7 rotation around the center of a carbon-atom hexagon obtained previously.?!:23:37

-

3. NUMERICAL RESULTS
3.1 Cross-polarized light

Figure 2 shows the dynamical conductivity for light polarized perpendicular to a semiconducting tube. The solid
and dashed lines show conductivity with and without the depolarization effect, respectively. The vertical arrows
indicate band edges. When the depolarization effect is not considered, the largest peak appears below the lowest
band edge. When the depolarization effect is taken into account, the peak is shifted toward the higher energy
side below the band edge and its intensity is reduced.

In Fig. 3 solid and dashed lines show the Coulomb-interaction dependence of the excitation energy for per-
pendicular polarization and those for parallel polarization associated with the first and second lowest subbands,
respectively. In the absence of interaction, the lowest band edge for the perpendicular polarization is located at
the middle of lowest two bands for the parallel polarization. Because the interaction dependence of the energy
for the perpendicular light is stronger than that for the parallel light due to the depolarization effect, the energy
for the perpendicular polarization becomes close to the second gap for the parallel polarization with increase of
the interaction.

Solid and dashed lines in Fig. 4 show the oscillator strength of the lowest exciton absorption peaks for the
perpendicular and parallel polarization, respectively, as a function of the Coulomb interaction. The oscillator
strength for the perpendicular polarization lies typically in the range from ten to thirty percent of that for the
parallel polarization.

3.2 Two-photon absorption

Figure 5 shows typical examples of energy dependence of two-photon absorption coefficient for parallel polar-
ization in semiconducting tubes where energy broadening is introduced by using a Lorentzian function with a
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two-photon absorption, respectively. respectively, and dashed lines are the band edges.
Symbols denote experimental results®!#2 where open
and closed symbols indicate one- and two-photon
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half width at half maximum I'. The energies of all the exciton bound states and the lowest band edge are indi-
cated by short vertical lines at the bottom and by a downward arrow, respectively. A prominent peak appears
corresponding to the second lowest exciton with odd parity and another peak associated with the fourth lowest
exciton appears. The difference between the first and second lowest exciton energies is approximately 0.22 in
units of 27+ /L, which is about 0.18 eV for v = 2.7 eV.

In Fig. 6, the Coulomb-interaction dependence of the exciton energies is shown. Solid and dotted lines denote
excitons contributing to one- and two-photon absorption spectra, respectively. With increase of the interaction,
many exciton bound states split off from the interband continuum. Similar results were previously reported for
a different cutoff energy.*

In Fig. 7, excitation energies are plotted as a function of the circumference length. Solid and dotted lines
denote calculated energies of the two lowest excitons observable in one- and two-photon absorption, respectively,
and dashed lines indicate band edges. Symbols are experimental results?!>?? where open and filled symbols
indicate excitons for one- and two-photon transitions, respectively. We have set 7o =~ 2.7 eV which was used
for comparison with experiments for the lowest excitons associated with the first and second gaps in a previous
paper.®

As shown in Fig. 6, the energy of the lowest exciton is weakly dependent on the interaction strength
(e2/kL)(2my/L)~!. Therefore, the band parameter is uniquely determined as approximately 7o &~ 2.7 eV. Using
the position of the second exciton, strongly dependent on the Coulomb interaction, we can place the interaction
parameter in the range 0.1 < (e?/kL)(2ny/L)~! < 0.2. For d ~ 1 nm, for example, the binding energy of the
lowest exciton changes from ~ 0.21 to ~ 0.43 eV in this interaction range.
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ization in a metallic tube.

3.3 Metallic tube

In this subsection, metallic tubes are considered. In Fig. 8, typical optical absorption spectra for parallel
polarization are shown in an energy region corresponding to transition between the bands with n = +1 below
and above the linear dispersions. At around energy 2.4 x (27y/L), a sharp exciton peak appears below the band
edge denoted by arrows. In the energy region higher than the band edge, contributions from continuum states
can be seen as a small and long tail. The typical exciton binding energy is about 0.05 in units of 27~y /L.

Figure 9 shows typical absorption spectra for perpendicular polarization. Solid and dashed lines are the
results with and without the depolarization effect, respectively. The conductivity without the depolarization
effect shows a peak and it disappears when the depolarization effect is considered. This is quite in contrast to
the case of semiconducting tubes shown in Fig. 2.

A potential with a range larger than the lattice constant, including that of the Coulomb interaction, cannot
cause backward scattering within the linear bands.?®3° Either of an electron or a hole of the electron-hole pair
is located at one of the two linear bands for the perpendicular polarization.?*2?® Because it cannot be scattered
between the positive and negative wave-vector region by the Coulomb interaction, the exciton consists of an
electron-hole pair with the same sign of wave vectors. This leads to the extremely weak binding of the exciton

for the perpendicular polarization.

4. DISCUSSIONS

As shown in Fig. 3 the Coulomb-interaction dependence of the exciton energy for perpendicular polarization
is stronger than that for parallel polarization. This can be used to estimate the interaction strength from
experiments for cross-polarized-light absorption. In experiments using tubes isolated with aromatic polymers,2°
the Coulomb interaction strength was estimated to be from 0.122 to 0.155 eV for vy = 2.75 eV depending on
tube structure, which is converted to 0.1<(e?/xL) (2my/L)~1<0.12 by considering tube diameters. It should be
noted that since the interaction strength is sensitive to surrounding materials, it is expected to become larger

for tubes suspended in air.
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For two metallic (12,0) and (10,10) tubes subjected to light polarized parallel to the tube axis, first-principles
calculations gave about 50 meV to the exciton binding energy of n = #1 transitions.!® Our calculated value
0.05 x (27y/L) for both (e?/kL)(2my/L)"! = 0.1 (not shown here) and 0.2 approximately gives 60 meV in a
(12,0) tube and 40 meV in a (10,10) tube for v9=2.7 eV. It can be said at least that these results are consistent
with each other.

Measured excitation energies exhibit chiral-angle dependence called family patterns. They are not considered
in our calculations because they are described by higher order corrections in the effective mass approximation
which correspond to trigonal warping, curvature, and lattice distortions.>>4° Recent calculations for parallel
polarization showed that inclusion of these corrections well reproduces experimental one- and two-photon exci-
tation energies with the family patterns.® Similar calculations for perpendicular polarization are expected to
give information on a parameter describing electron-hole asymmetry, which has negligible effects on absorption
for parallel polarization. This remains as a future issue.

5. SUMMARY AND CONCLUSION

Exciton effects in carbon nanotubes have been theoretically studied in an effective-mass approximation. For cross-
polarized-light absorption in semiconducting tubes, distinct exciton peaks appear in spite of the depolarization
effect although their intensity is reduced as compared to that for parallel polarization. Calculated excited exciton
energies are in good agreement with those obtained by two-photon absorption experiments. An exciton can exist
in metallic tubes also.
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