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Abstract

Though there are many differential geometric results on contact metric structures, adapted metrics
for contact structures introduced by S. Chern and R. Hamilton are not studied. In this paper, we study
curvatures arising from k-adapted metric to contact structures on 3-manifolds, which is an extended
notion of adapted metrics introduced by S. Chern and R. Hamilton, and give some results that also hold
for contact metric structures, especially, on K-contact metric structures. We also study the Gaussian

curvature of ¢ introduced by V. Krouglov.

1 Introduction

Though there are many differential geometric results on contact metric structures (cf. [2]), adapted
metrics to contact structures introduced by S. Chern and R. Hamilton [3] are not studied. In this paper,
we introduce k-adapted metrics to contact structures on 3-manifolds, where £ is a positive constant,
and study curvatures arising from adapted metrics. We give some results that also hold for contact
metric structures, especially, on K-contact metric structures. We also study the Gaussian curvature of ¢
introduced by V. Krouglov [6]. We shall give preliminaries and auxiliary results in §2, and present and

prove main results in §3. In §4, we give some examples.
2 Preliminaries and auxiliary results
In this paper, we work in the C* -category. In what follows, we always assume that contact structures

are given by one-form w, and that the ambient manifolds are connected, oriented and of dimension 3,

unless otherwise stated (see [2], [4], [7] for the generalities on contact structures).
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Let ¢ = Ker w, and assume that @ A dw > 0 on M. Let g be a Riemannian metric of M. For a
positive constant k, a metric ¢ is called k-adapted to the contact form  if there is a unit vector field N
orthogonal to & such that @ (N) =1, tydw =0 and w A dw =kdV (M, g), where dV (M, g) is the volume
element of the Riemannian manifold (A, g). In case k = 2, g is adapted in the sense of [3]. Thus, if we
give an oriented local orthonormal frame {N, E, F} with £, F € ['(¢), then we have @ A dw = kdV (M, g)
=kN* N\ E* N\ F* . By definition, dw/k is the volume element along &. It follows that & is minimal in the
sense that

(VENE) + {(VEN, F) =0,
where V is the Riemannian connection of (M, g).

As tydw = 0, for any section V of ¢ we have

0= txvdo (V)=dow (N, V)=—w (N, V])={VyN, V).

Thus we have
Lemma 1. VyN =0, that is, the orbits of N are geodesics.

This is known for contact metric structures, which needs stronger conditions than adapted ones (cf. [2]).

By calculating da(E, F) = k for an oriented orthonormal basis {E, F} of & we have
k=dw(E,F)= —<VEF - VFE, N> .

It follows that

Lemma 2. For an oriented orthonormal frame {N, E, F}, we have

(VrE,N) =k +{VgF,N).
Define the second fundamental form B of ¢ by

B, W =4 (Vs W+ YV, N)

for all sections ¥, W of & (cf. [6], [8]). This is a symmetric bilinear form on &. As & is

minimal, it follows that TrB = 0. Define also the extrinsic curvature K. (&) by

BW, V)BW, W)—B(V, W)
Tvywwy—ywy?’

K.(9) =

where VW are two linearly independent sections of &, and the Gaussian curvature K¢ (&) by K¢ (&) = K(&)
+ K. (&) (cf. [6]). Note that K.(¢) < O because TrB = B(E, E) + B(F, F) = 0 for an oriented orthonormal
basis {E, F} of & Let (N, E, F} be an oriented orthonormal frame of M. Now calculate K(&).

K()=K(E F)=(R(E, F)EE)
=VeVrEE) —{ViVeE E)~Vgr FEE)
= E(VyE E)+F (ViE F)~(VgE F)?-{VrE E)?
— (VeE,N){VrE N)+{VeE N){VrE N)+ k{VNE E).
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Asdiv (E)={VzEE) + (VrE, F) + {VNEN) = —(VrEE) , div(F) = —(VzE, F) and — div (div(E)
E+div(F)F)=div ( VEE + VrF ), we have

Lemma 3. For an oriented orthonormal frame {N,E, F' } of M, we have

K@) =div( VeE+ ViF)
— (VEEN){VrEN) +{VgEN){VrEN) +k{VNFE).

Note that the vector field Ve E + V¢ F is independent of the choices of local orthonormal frame {E, F} of &,

By using Lemma 1, we have

K((EN)={R(E N)N, E)
={(VeVNyN, E) — (VyVeN, E) — (Vi ~N E)
=— N{ViN, E) +{ViN, VxE) — ([ELN], N) (VyN, E)
—(E,NLE) (VeN, E) —[E N], F) {(VkNE) .

It follows that

Lemma 4. For an oriented orthonormal frame {N, E, F } of M, we have

K(E N)=N (VgE N) — (VgE N2 — (VgEN){VrE N)
— (VNE, F) (VeEN) +{VrE N)).

As the Ricci curvature in the direction of N is given by Ric (N, N) =K (E, N) + K (F, N ) and TrB = 0,
by Lemma 4, we have

Lemma 5. For an oriented orthonormal frame {V, E, F'} of M, we have

Ric (N, N)=— (VgEN)? = (VrEN)? — 2{(VgEN){VrE N) .

3 Main results

Firstly, we locally represent covariant derivatives explicitly by using the results in § 2. Let U be an open
subset of M.

Proposition 1. Let {N ,E, F' } be an oriented orthonormal frame on U. As VyE L E, N, we can
set VyE = fF for a smooth function on U. Set also {VzE, N) =1 and {VgFE N) = a. Then we have
(1) V\N=0, VyE=fF, VyF=—fE.
(2) VeN=—\E — aF, VeE=—div(F) F+ AN, Ve F=div (F) E+ aN.
(8) VeN= — (k+ @)E+LF, VpE=div (E) F+(k+ @) N, VeF= —div (E) E — LN.

83



Gen-ichi OSHIKIRI
Theorem 1. Under the assumptions in Proposition 1, we get

Ko =K +Ke(&) =div( VEE+ ViF) — kf— kZZ,

Note that the function /= (VyE, F ) can vary as we see in the examples given in § 4.As a corollary

to this theorem, we have the following by letting & be sufficiently large (see [6] for more general result).
Corollary. If M is closed, then there is a k-adapted metric so that K¢ (&) < 0.
Next, we give an upper bound of the Ricci curvature in the direction of N (cf. [2]).
9
Theorem 2. Ric (N, N) < % , where the equality holds if and only if B = 0 at the point.
(Proof.) Sett=(VgF, N) .Then, by Lemma 2, {VrE, N) = k+ t. By Lemma 5, it follows that
ST
Ric (N, N)< —2t(k+1)< —2<t+K> Wl
2 272
If Ric (N, N) = k2/2, then {VzE, N)*=(VrE N)*=0 and t = — k/2. This implies that B (E, E ) =
B(FEF)=0and 2B (E, F)={VyF+ VrE, N) = —k/2+k/2=0. Thus we have B = 0. Conversely,
assume that B=0. Then, wehave 0 =B (E, E)=(VgE,N) ,0=B(EF)={VrE N) and 0 = 2B (E,

F)={VeF+VrE N) .ByLemma 2, {VrE, N) =k+ (VgFE N) .1t follows that {VzF N) = —
k/2, which shows that Ric (N, N ) = k?/2.

It seems to be of some interest to see a conclusion of B = 0. We investigate a relation between N

and B on an open set U C M.
Theorem 3. On an open set U C M, B =0 if only if N is a Killing vector field.

(Proof.) Note that N is a Killing vector field on U if and only if
(VxN, Y) +{VyN,X)=0

for any vectors X and Y on U. As VyN = 0 by Lemma 1, this is equivalent to the following conditions:
(VEN, E)=0,{VeN, F)=0and {VeN, F) + {VpN, E) =0.

And these conditions can be read as
B(EE)=0,B(FF)=0andB(E F)=B(F E)=0.

This means that B =0 on U, and this completes the proof.
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A contact metric structure with N being a Killing vector field is called a K-contact metric structure,
and the following result is known for K-contact metric structures (cf. [1], [5]). We can get the same
result for our k-adapted metrics with weaker conditions than K-contact metric structures.

Theorem 4. If N is a Killing vector field on M, then the sectional curvatures for planes containing

N are always equal to k 2/4 at any point of M.
(Proof.) By Theorem 2, B = 0. Thus, for an oriented orthonormal frame {N, E, F' } of M, we have
(VeN,E)=0,{VeN, F)=0and {VgN, F) +{VpN, E)=0.
It is easy to see that K (N, E') = k ?/4 by Lemma 4.
Combining these results, we have the following.

Theorem 5. For a k-adapted metric of a contact structure on M, the following conditions are
equivalent on an open set U C M:

(1) Ric (N, N) = k%2 at any point of U.

(2) B =0 at any point of U.

(3) Nis a Killing vector field on U.

Further, in these cases, the sectional curvatures for planes containing N are always equal to k2/4 at
any point of U.

We locally represent covariant derivatives explicitly as in Proposition 1. Note that in this case we
have @ = — k/2 and A= 0.

Proposition 2. Under the assumptions in Theorem 5 and Proposition 1, we have

(1) VyN=0, VNE=fF, VyF=—fE.

(2) VeN=k/2F, VzE = — div (F)F, Vg F =div (F)E — k/2N.

(8) VeN= — k/2E, VrE =div (E)F + k/2N, VpF = — div (E)E.

(4) Ric (N, N) =k?/2.

(5) B=0, K. (&) = 0.

B)K (O =K (&) =div( VEE+ VpF) — kf— k%4,

4. Examples
The first example is due to [7]. Let (R?, go) be the 3-dimensional Euclidean space with the canonical

coordinate (x, ¥, z). Define @ = sin zdx + cos zdy. Then, it follows that
dw=coszdz A dx — sinzdz A dy,and w N\ do=dx N dy A\ dz=dV (R?, go).
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Thus, g is a 1-adapted metric to this contact form . Define N = sin z0 + cos z0,, E = 0. and F = cos
z 0y — sinz 0. Then, it is easy to see that {N, E, F} is an oriented orthonormal frame on R®. We get

covariant derivatives

VyN=0, VyE=0, VyF=0,
VeN=cosz(Q: — sinzd,, VeE=0, VgF= —sinzON, — cosz0,,
VeN=0, VFE=0, VrFF=0.

Thus, we have
S=AVNE,F)=0, Ah=XVgE,N)=0, a ={VgEN)=—1,

and
B(EE)=B(EF)=0, B(EF)=B(EE)=—1/2,
K©O=0, K(O)=—1/4, Kc(©=—1/4.

The second one is due to [3]. Let (S?, g1) be the unit sphere in the 4-dimensional Euclidean space

R with the canonical coordinate (x, y, z, w ). Define a 1-form @ by
w =xdy — ydx +zdw — wdz.

It is easy to see that o A dw = 2dV (S?, g1). Thus ¢ is a 2-adapted to this contact form .
Set N=x0,-y0x+z0w—w0:, E = x0.:-20,—y0w+w0, and F = x0w—w0x—y0:—z0,.
Then {N, E, F } is an oriented orthonormal frame of S with @(N) =1 and E, F € Ker .

We get covariant derivatives
VyN=0, VVE=—F, VyF=E,
VeE=0,VgF=—N, VEN=F,

VrE=N, VpF=0,VpN=—E.

Thus, we have
f=(VNE F)=—1,A=(VgE,N)=0, a ={VgEN)=—1,

and

B(EE)=B(EF)=BEF)=B(EE)=0,
K. (§=0,Ke(&)=K(E)=0—2(—1) — 2%4=1.
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