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Abstract

NewexplicitformulasforA(X)intheDirichletdivisorproblemandP(X)intheGauss

circleproblemareestablished.Althoughtheformulasarevariantsofthecelebrated

Voronoitypeformula,theyarenomoreexponentialsumsbutcontainsineintegral

functionsandfurthermore,theexpressionsforA(X)andP(X)havepreciselythesame

appearance:denotingthearithmeti,calfunctiona(n)orr(n)bya(n),onehasanexplicit

formulafor_A(X)orP(X),uptotheerrorterm0(Xl/4+6/2+E)withaconstant6satisfying

O<6<i,expressedbyasymmetricsumwiththecentern-XwhosesummandisglVenby
●

a(n)sgn(n-x)W-Isi(6 -､反

1.lntroductionandstatementoftheresults

Leta(n)denotethenumberofpositivedivisorsoftheintegern.Set

(i.1) D(X)- ='d(n)-X(logX+2r-1)+I/4+A(X),
1≦n≦X

whereTistheEulerconstantandthesymbol∑l'≦n≦X denotesthatthelastterminthesum

ishalvedifXisaninteger.TheDirichletdivisorproblemistofindthesmallestvalueOo
ofO>OsuchthatA(X)≪ge+eholdsforarbitrarilysmallpositiveconstant8.
AIsoletr(n)denotethenumberofrepresentationsoftheintegernasasumoftwo

squares.TheGausscircleproblemistofindthesmallestvalueO10fO>OsuchthatP(X)

≪ g e+eholds,whereP(X)isdefinedbytheequation

(1,2) R(X)- ∑′r(n)-7EX-1+P(X).
1≦n≦X

ItisknownthattheomegatheoremsA(X)-E2(Xl/4)andP(X)-E2(Xl/4)holdfromthe

t̀runcateformulas'
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(.･3) A(X)-2-1′2万-~lxl′41真言欝 cos(4好 一方/4)+0(x E･xl′2'EN-1'2)

and

(1･4) P(X)--W-1xl'4蕊 欝 cos(2方面 +W/4)+0(xe･Xl′2+EN-1'2)･
■

Theseformulasarethetrumcatedformofthecelebratedformulas,duetoVoronoiand

Hardyrespectively,whichrepresentA(X)andP(X)bytheinfiniteserieswithterms

containingtheBesselfunctions(see(2.1)and(2.2)below),Theexpressions(1.3)and

(1A)forA(X)andP(X)Stimulatedalotofworkonexponentialsumsinoneorseveral

variables.Therelationr(n)-4∑dlれd=1(m｡d2)(-1)(a-1)/2pointedoutbyRichert([8])shows

thatthecircleproblem iscloselyrelatedtothedivisorproblem.Asisseeninthe

excellentworkduetoIwaniec-Mozzochi([4]),themethodsofestimatingA(X)andP(X)

wereuptonowverysimilar,hencetheobtainedexponentsforbothwereequal,although

theywerenotalwaysclaimedexplicitlyinvariouspublications.Thefamousconjecture

00-1/4orOl-i/4remainsopenasoneofthemostsignificantproblemsinnumbertheory.
●

TheaimofthepresentpaperistoglVe,aSVariantsoftheVorono王formula,newexplicit

formulasforA(X)andP(X),AlthoughtheyarevariantsoftheVoronoitypeformulas,

theyaren0-Oreexponentialsu-sandthesineintegralfunctionsi(x)-I:芋dt
OCCurS:

Theorem.Foraconstant6satisfyingO<6<I,onehas

(1.5)

and

(1.6)

A(x)-竺云sgn(n-x)箪si(l6-JfJxe)･o(xl′4･伽)ZTn-I

p(x)-竺 云sgn(n-x)貨 si(I6-Jflx8)･o(xl,4･6,2･E)･7T ～-1

NotethattheseexpressionsforA(X)andP(X)havepreciselythesameappearance:

thismayglVeanotherevidencefortheresemblanceofthetwoclassicalproblems,orfor
●

thelatticepointproblem forthehybridarithmeticalfunctionb(n)-d(n)j=r(n),the

relevanterrortermcanbeexpressedby

真sgn(n-x)貿si(I6 -JfLx6)
uptoo(xl/4+6/2'E)errorterm.

NotealsothattheclassicalboundsA(茸)≪gl/3+EandP(耳)≪gl/3+efollowalsofromthe

formulas(1.5)and(1.6).
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Notation.

Throughoutthepaper,TstandsforalargeparameterandtheabbreviationL-logTis

frequentlyused.Itwillbeconvenientintheproofstousetheletters,C,cktOdenote

certainpositivenumericalconstantsand,etOdenoteapositiveconstantwhichmaybe

arbitrarilysmall,butarenotnecess?rilythesameonesateachoccurrence.Forcomplex

numberszlandz2,thesymbollzl,Z2]StandsfortheorientedsegmentfromthepointzltO

z2.Forarealnumberago,sgn(a)-a/lal.

2.TheVoronoTformulaandtheHardyformula

TheVorono王formulaforA(Ⅹ)isasfollows(see,e.g.,[3,Chapter3]);onehas

(2･1) △(X)--廃 普 くY(4率 ).iK.(4方G )I

whereylistheordinaryBesselfunctionofthesecondkindandg listhemodifiedBessel

functionofthesecondkindinusualnotationandtheseriesisboundedlyconvergentin

anyclosedfinitesubintervaloftheinterval(0,-),andisuniformlyconvergentinany

suchintervalfreefromintegers.TheHardyformulainthecircleproblemisasfollows

(see[3,Chapter13]);

(2･2) P(X)-廃貨Jl(2HJW)
whereJlistheordinaryBesselfunctionofthefirstkind.Itholdstheconvergence

assertionsimilartothatfor(2.1).Byusingtheasymptoticapproximationsinvolving

elementaryfunctionsforYl-andKl-Besselfunctions(see,e.g.,[3,(3.1L2),(3.13)]),the

expression(2.1)isreducedtotheexponentialsums:forpositiveintegerg,onehas

d(n)
ke:bkJl nelnl/4+A/2

K _._,_oo
(2,3) A(X)-EakX3/ilk/2= sin(4福 一(-1)kw/4).0(xl′トK'2)

■
withcomputableabsoluteconstantsak,Whosefirsttwotermsbeinggivenby

(2.4) al-1/(Jt7{)anda2--3/(32Jt7C2).

AsforP(X),onehasinasimilarway,

_､ 【/"､ 且.Y,_q/A_A/,ニ r(n)
(2.5) P(X)-云bkX3/4~k/2∑kelUkLL 岩lnl/4+k/2sin(2万尿 +(-1)kH/4)+0(xl′4~K/2)

withcomputableabsoluteconstantsbk,Whosefirsttwotermsbeinggivenby

(2.6)

1

bl-1/7Tandb2-1/(167T2).



52 AkioMIYAI

3.Sineintegralfunctionandcosineintegralfunction

Torepresenttheexponentialsumsoftheform (2.3),(2.5)bythesum withnon-

exponentialterms,weusecertaintypeofspecialfunctionswhichbelongtoincomplete

si(x)-I:竿gammafunctions;namely,thesineintegralfunction dt andthecosine

integralfunctionci'x)-I:予 t'see,e･g･･[2･Chapt?rIX]'/IontAissection-ecollect
somefactsonthefunctionssi(x)andci(x),andgiveasimplelemma.Fromthedefinition

onehas

(3.1)

and

(3.2)

Fromthese,onehas

(3.3)

7T
si(∬ ) -一一+

2

ci(x)-r+logx-

Jox争 t

I-cost
dt.

si(X)<{X-Iandci(X)<{XTl.

Next,weglVeanassertiononexponentialintegralsevaluatedbysineandcosine
●

integralfunctions.

Lemma.ForA>0,onehas

(3I4) Jod
exp(-Au±iA)
1±iu du--si(A)±ici(A).

●
ProofofLemma.Firstly,notethatfromresiduecalculusbychanglngthevariablextoix,

forα,β>0,

(3･5) Iow
exp(-α∬)

β2+∬2 dx-封ci(aP)sin(aP,-si(aP,cos(aP,)
holds,Secondly,bydifferentiatingbothsidesof(3.5)asfunctionsofα,onehas

00xexp(-ax)
(3･6) Ji C2+x2 dx--ci(aβ)cos(αβ)-si(αβ)sin(αβ).

Usingtheseformulasbywritinga-AandP-I,thelefthandsideof(3.4)becomes

(ci(A)sin(A)cos(A)Hcos(A)±isin(A))

+(-ci(A)cos(A)-si(A)sin(A)Hsin(A)手icos(A)),
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andthisisequaltotherighthandsideof(3.4).

4.Formulationoftheproof

Weshalldwellmainlyontheproofoftheformula(1.5)forA(X).Sincetheproofof

theformula(1.6)forP(X)Canbecarriedoutinmuchthesamewayasthatofthe

formula(1.5),itwillbementionedbrieflyinthelastsection.

Startingpointoftheproofisthetruncatedformula(1.3)beingdeletedthefirst(4方)~2

7Wterms;

･4･1) △(T)-alTl'471蓋 7,第 cos(4析 -H,4)+0(Tl′4･y2･e),

whereal-2~1/27｢ 1,71-(42T)~27切andT2-(47T)~2T2.put

(4･2) V(T)-alTl'4蕊 欝 exp(4-･厨 I-A/4)･

Byusing(1.1),Ⅴ(千)istransformed,upto0(Tl/4)errorterm,into

(4.3)
け ′4fT:2x~3′4exp(4--店子ーnu4)(logXI2r)dX
IalTl/4lx-3′4exp(47m･店子ー7m･/4)A(X)]
-?lTl′4IT:2(-(3/4)X-7′4･2加JfxA5'4)exp(4--店子 ー-'/4)A(X)dX･

BychangingthevariableXtox2,thefirsttermin(4.3)isestimatedby0(Te)fromthe
firstderivativetest.Thesecondtermisestimatedby0(Tl/4). Thelasttermwiththe

integrand-(3/4)Xl7/4exp(47n'√雷宇~-2Ti/4)･A(X)isestimatedby0(Tl/4+e).Hencewe
have

(4･4) V(T)--JtiT3′4ITT12x-5'4exp(4-'店子ーd/4)A(X)dX+0(Tl′4'e).
Insubstitutingtheexponentialexpression (2.3)forA(X)in(4.4),ifwetake
K-ll/(26)]+Iseriesin(2.3),wherethesymbollx]StandsforthegreatestintegernotL
greaterthanx,theerrorterm0(Xl/41K/2) contributestoV(T)anamount0(Tl/4logT).

For2≦k≦K,theseriesintheformula(2.3)takestheform

= d(n) 72 1

exp(47n･(斤±6)Jf-7m･/4手(-1)kni/4)dk･
By changing thevariableX tox2,integralsin theseriesareestimated by

0(TlSl√ア±√有l~1)withn≠T.ThesecontributetoV(T)anamount0(Tl/4).
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Thus,weareleftwiththeseriesfork-i:

･4･5)V(T)ニーiT ni1第 fTT12i exp(4-･面 一d,4)cos(4万面 一H,4)dX･0(Tl′4+E,･

Changingthevariable4方ノ君 byX,upto0(Tl/4)errorterm,onehas

(4.6)

where

(4.7)

and

(4.8)

V(T)-V.(T)+V_(T)+0(Tl/4+E)

V.(T)-- 1T3′4真 貿 f;x-1exp(i(Jf･耳)x)dX

V-(T)ニーi万一1T3′4真%I;x-1exp(i(育 -6)x)dX･
5.EstimationoftheseriesV+(T)

Notethatthesuniofthetermswithn>T2isestimatedby0(Tl/4+E).Fortheterms
withn≦7Q,puttingul-(√亨~+√訂)llL2whereL-logT,wechangethecontourlTS,T]

oftheintegralsin theseries V+(T) toCl+C2+C3WhereCl-lTS,TS(1+iul)],
C2-lTS(i+iul),T(1+iul)]andC3-lT(I+iul),T].OnthecontourClandC3,thevariable

XischangedintouwithO≦u≦ulbyX-x(1+iu)wherex-T6orT.Integralsonthe
contoursC2andC3areestimatedby0(exp(-cL2))and0(nTl/2T~1)respectively.These

contributetoV+(T)anamount0(1).Since･theintegralsonthecontourClisequalto

由子+6)~lT~Sexp(i(育+G)TS)･o((斤･G)~2T~26)I

denotingthesumofthetermswithn≦T2intheseriesV+(T)by∑,onehas,

(5･1) ∑-万一.T3′4-61≦雲 T2第 (育+6)-lexp(i(Jf･6)TS)･o(Tl′4)･

Toestimatethesum∑,byusing(1.1)wetransformitfurther;

･5･2) ∑-方llT3′416IIT2Y-3/4(育+育 ,-lexp(i(Jf･Jf,T6)(logY･2r)dY
･方~lT3′4ヤ ~3′4(育+育)~lexp(i(育+Jf)T6)A(Y)]72
一万-.T3′4-6I.T2ト(3/4)Y-7′4-2-.Y-3′4(斤･Jf,-I+i2-1T6Y-5,4)

･(育+斤)llexp(i(育+Jf)TS)A(Y)dY･0(Tl′4)･
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Thefirstandthesecondtermsin(5.2)areestimatedby0(Tl/4).Inthethirdterm,the

integralswiththeintegrand

(-(3′4)Y-7′4-2-Iy-3′4(育+育)-I)(斤･斤)llexp(i(育 +Jf)TS)A(Y)

areestimatedby0(Tll/2).Toestimatetheintegral

(5.3) -i2117｢lT3/4 Y-5′4(育+育)~lexp(i(育+Jf)TS)A(Y)dY,
weusetheformula(2.3)forA(Y)inthecaseK-1;

(5I4) △(Y)-alYl'4真箪cos(4万厨 -W/4)+0(Y-1′4)･
Theerrorterm0(y~1/4)contributeto(5.3)anadmissibleerror0(Tl/4).Theintegralin

(5.3),substitutedbythefirsttermin(5.4),takestheform

(5･5) cT3′4nil貿flTy-1(育+Y)-1exp(iTl'2+6･i(T6±4wG)T字-･/4)dY･
Sincetheseriesofintegraltermswiththeintegrand

Y-1(√~チ+Y)-1exp(iTl/2+6+i(76+肋√有)Y-7n'/4)

isestimatedby0(Tl/4)andtheserieswiththeintegrand

Y~1(√亨~+Y)-1exp(iTl/2+6+i(76-4万√有)Y+7m'/4)

isestimatedby0(Tl/4+6/2+E),V+(T)in(4.6)isestimatedby0(Tl/4+6/2+E).

6.Completionoftheproof:evaluationoftheseriesVT(T)

ItremainsforustoevaluatetheseriesV_(T).Thesumofthetermswithn>74is
estimatedby0(Tl/4+e).wemaysupposethatn≠Twithanadmissibleerrorterm.Letus
denotethesumofthetermswithn≦T-1by∑.andthosewithT+1≦n≦T2by∑2.

Fortheintegraltermsin∑1,WeChangethecontour[T6,T]oftheintegralstoCl+C2+

C3Where,puttingul-(√テ~-イオ)llr 6L2andu2-(√亨~一掃 ~)~lT~lL2,cl-[T6,T6(1+

iul)],C2-[T6(1+iul),T(1+iu2)]andC,-[T(1+iu2),Tl.OnthecontourClandC3,the
variableXischangedintouwithO≦u≦ulOru2byX-x(1+iu)wherex-T6orT Thus,

byusingtheformula(3.4)ford-(ノアr-√有)TS,theintegralsonthecontourClisequal
to
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(611) iJ.mexp(i(育-6)T6-(育-6)TSu)(l･iu)-1du･0(exp(-cL2))
-i(-si((斤一耳)T6)･ici((育-G)T6))･o(exp(-cL2))･

AlsotheintegralsonthecontourC3areequalto

- i(- si((育-G)T)･ぬ i((斤一耳)T)I･o(exp(-cL2))I
andbyusing(3.3),thesecontributetoV(T)anamount0(1).Contributionfromthe

contourC2isverysmall.Thus,onehas

(612) ∑1--冗-1T3′41≦nST_1貿 (si((斤IC)T6)-ぬi((育-√)T6))+o(1)･

Asfortheintegraltermsin∑2,WeChangethecontour[76,T]intoCl'+C2'+C3'where,

putting ul-(√有-√テ)~lT-6L2 and u2-(√有-√ア)~lT-1L2, cl'-lT6,T6(1-iul)],

C2'-lT6(I-iul),T(1-iu2)]andC3'-lT(1-iu2),T].Then,byanargumentsimilartothat
inthecasefor∑l.Onehas

(6･3) ∑2-冗-1T3′4T十.Pn≦T2第〈si((右 斤)T6)･ici((6-育)T6))･o(1)I
Takingtherealpartoftheseries(6.2)and(6.3),combinedwith(4.1),(4.2),(4.5)and

(4.8),andusing(3.3)forthetermsin(1.5)withn>㌘,wecompletetheproofofthe
formula(1.5).

Theclassicalestimation△(X)≪ズ l/3+efollowsfrom (3.3),bytaking6-1/6inthe

formula(1.5).

Asforthecircleproblem,thesum

一方~lTl'4T蓋T2r(n)n-3′4exp(2-'厨 .W/4)

withTl-(27T)~2746andT2-(27T)ー2T2inthetruncatedformula(1,4)istransformed,by

using(1.2)with(2.5),intotheseries

方-1T3′4真部 x-1exp(i(育.6)x)dX
-i方-1T3′4真凱 x-1exp(i(Jf-6)x)dX,

whichcorrespondstothesteps(4.7)and(4.8).From■these,onehasthe.formula(1.6)in

muchthesamewayastheproofoftheformula(1.5).
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Remarks.

(1) Needlesstosay,theinfiniteseriesexpressionoftheformulas(1.5)and(1.6)isnot

essential.Theprincipalpartofourexplicitformulasconsistsinthesymmetricsine

integralsumwiththecenterX:byInvestigatingintothesineintegralsumintheform
●

of

t9,(T8,αTa)-T_a, 蓋 T.a,a(n)sgn(n-T)方~lsi(4堰 一斤IT8),

wherea(n)-d(n)orr(n),onemayshortenthelengthoftheseriesinTheoremtoc√テ

forsomec(cf.[7]). 一

(2) Inthedualitybet-eend(n)andlr(I +iT) l2,theVoronoiphasefunction4万佃 ~-
2T/4in(1.3)correspondstotheAtkinsonfunction

2TarsinhJ2m/(2T)+27m I/4+T/(27m)+,T/4

intheAtkinsonformulaorthe

bythefunctionsgn(n-T)si(

JutilaformulaforlK+･iT)l2(ll],[5])･Theexpression
耳-JflT8)withcenterTintheformula(1･5)seemsto

Correspondtothatwiththephasefunction

2TarcoshJ7m/(2T)-22m 1/4-T/(27m)+,T/4

Occurredinthealternativeexplicitformulaforl{(+ ･iT)l2(seel6])･
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