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DECO加【POSITION OFAN ORDERISOMORPHISM

BETⅧ EN MATRJⅩ-ORDERED HILBERTSPACES

･YASUHID苫MIURA

(CommunicaLtedbyDavida_Larson)

ABSTRACT･Thepurposeofthisnoteistoshowtha･tanyorderisomorphism
betweennoncommutahiveL2-spacesassociatedwithⅦnNeumannalgebraS
isdecoTnpOSedintoasumofacompletelypositivemapandacompletelyco†
positivemap.TheresultisanL2versionofatheoremofl{adilsonforaJordan
isomorphismonoperatoralgebras･

1.INTRODUCTION

InthetheoryofoperatoralgebraB,anotionofself-dualconeswasstlldiedbyA.

Conneslll,andhecharacteri2iedastandardHilbertspace･玩【91L･M･Schmitt
andG.Wittstockintroducedamatrix-orderedHilbertspaL:etOhandleanon-
commutativeorderandch8JeLCteri2;editusingthefaL:ePropertyOfthefami一yof
self-dualcones.Fromthepointlotviewofthecompletepositivityofthemaps,we

shallconsideradecompositiontheoremofan orderisomorphismonmairix10rdered
Hilbertspaces.

Let7ibea班Ibertspaceoveracomplexnumberaelda,andletナt+bea.self-
dualConein71･Asetofal1nxnmatricesisdenotedbyynニPutTin-71⑳Mn(-
Mn(71))forn∈N･Supposethah(71,7in+,n∈N)apd(71,Ttn,n∈N)arematriⅩ-
orderedmlbertspaces･AlinearmapAof･光into71issaidtoben-positive(resp .

n-co-Positive)when_themultiplicitymapAn(-A㊨idn)satisfiesAn7in+⊂7結
(resp.t(AnTtn+)⊂71吉).HereI(･)denotesasetofalltransposedmatrices･Wh enA
isn-Positive(resp･n-co-Positive)foralln∈N,Aissaidtobecompletelypositive
(resp.completelyco-positive).Werefermainlytollllforstandardresultsinthe
theoryofoperatoralgebras.WeusetheRota,tionasintroducedinl91withrespect
tomatrix-orderedstandardforms.

2.RESUI汁s

WefirstgeneralizeatheoremofA.Connesll]forthepolardecompositionofan
orderisomorphismtothec舶eWhereavonNeumannalgebraisnon-q一五nite.
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propositionl･Let(Ju,71,J,71')and(jot,札 J,71')be_standardI-7W,and
letAbealinearbijeclionof71onto7isalisJyingA71+-71十.Thenforapolar
decompositionA-UlAEofAweobtainthefollowingProperties:

(1)ThereexistsauniqueinvertibleoperatorBin～+suchthatlAl-BJBJ
(cf.【4,CorollaryII･3･2])･
(2)ThereexistsauniqueJordan*-isomorphismαof〟 ontoJOsuchthat

(α(x)E,E)-(XU-1E,U~lE)

forallX∈.M,f∈兎+.

PrDOf･(1)Let･u benor-q一丘nite･Chooseanincreasingnet‡pi)i∈IOfq-fimite
projectionsinJuCOnVerglngStronglyto1.Plltqi-PiJpiJ.Bytl,Theorem4,2】

qi71'is_aclosedfaceofか ISinceAisanorderisomorphi_sm,A(qi71')isaclosed
FAG_eof～+ITherethenexistsaq-finiteprojectionp;∈〟 suchthatA(qi71+)-
qi71+whereq;denotesp;JpiJ.Henceq;Aqiisanorderisomorphismofqi71+onto

qiTt'･TheseconesappearreSpeC_Livelyinthereducedstandardforms(qi〟qi,
qi7t,qiJqi,qi71+)and(q;Juqi,qi71,qiJq;,qi7i+)･PutAi-(q;Aq.)'q;Aqi.Then
Ai∈qiM+qiisaJIOrderatltOmOrphismonqi光+･Byl3,Theorem3.3】thereexistsa
uniqueinvertibleoperatorBi∈qiJu+qiSuchthatAi-BiJiBiLTi,WhereLTidenotes
qiJqi.Takingalogarithmofbothsides,wehavelogAi-logBi+Ji(logiBi)Ji･
Since(Ailisbounded,(logBi)isbounded･Indeed,wehaveinastandardform
thatamap

X-6x=喜(x+JXJ)
isaJordan isomorphismofaselfdjointpartofJuintoaselfadjointpartofasetof
allorderderivationsD(71+)byl4,CorollaryVI･2･3]･Itisknownthatanyisomor-
phismofaJB-algebraintoanotherJB-algebraisanisometry(see【3,Proposition
3,4.31).Hence

ltSxll-lLXLt,X∈Jus.8..
Thus(logBi)isbounded.Itfollowsthat(piBiPi‡isboundedbecausepiJMpiand
qiJuqiare*-isomorphic.Therefore,onecan findasllbnetof†pilogBiPi)that
convergestosomeelementC∈～+intheg-weaktopology.Wemayindexthe
subnetasthesamei∈Ⅰ.Wethenhavefori,77∈光,

((C+JCJ)q31E,q3･rl)-叫 ((pi(logBi)pi+Jpi(logBi)piJ)q,･吉,q3･q)I

-((logB3･+J}･(logB31)J31)q3･E,qj71)
-lip(logAiqjE,q3･n)I

=(log'A+Aq3･E,q3･77),
usingthefactsthatqiXqiJqiXqiJqi=PiXpiJpiXpiJqiforallX ∈人ィ,andun-
derthestrongtopology(Ail_convergestoA+A;hencetqi(logAi)qi)convergesto

logA事AISinceUielqi7iisdensein71,weobtaintheequalityC十JCJ-logA●A･
Therefore,eCJeCJ-AkA TlmsthereexistsanelementB∈Ju+su血 that
EAI-BJBJ.Since,inaddition,qiBqiJqiBqiJqi-qilAIqi,OneeasilySeeSthe
invertibilityandtheunicityofBusingthesamepropertiesasintheq一丘nitecase.

(2)Ftom (1)we_haveU-AB-1JB~lJ･ItfollowsthatUisan isometry
satisfyingU7i+-71+･Letpiandqibeas_in(1)ITherethenexistsaJ-finite
projectionp;∈JC(suchthatU (qi7t+)-qi竹+withq;-piJp;J.Usingalso【1,
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Theorem3.3】,onecanfindauniqueJordan *-isomorphismαiOfqiJuqiOntoq錘 q;
suchthat

(αi(qiXqi)i,i)-(qiXqiU~lE,U~lE)

forallX ∈ル壬,E∈qi71+･Now触 X ∈.Ms.8.･ Sincep;JuPi･andqlt〟q;are
辛-isomorphic,thereexistsauniqueopera;torYi∈p;･Ms.a･p;suchthatYilqiカ ニ

αi(qiXqi). Usingan isometrybetweentheJordanalgebras,oneseesthat
(αi(qiXqi)Iisbounded,becauseIIcti(qiXqi)lJ-llqiXqiH引IXl吊∈Ⅰ･Thus
(Yiiisbounded･WemaythensaythattYi‡convergestosomeoperatorY∈ルts.a.
intheq-weaktopology.WethenhaveforE∈兎+,

(Yqi･E,qi･E)-lip(Yiqi.E,q;･i)-lip(αi(qiXqi)qi･E,qi･E)I ~ ~ I

=hpl(qiXqiU~lqi･E,U~lqi･E)I

-(XU~1qi･E,U-1qi.i)･
Takingalimitwithrespectto3',WeObtain

(ye,i)-(XUl1E,U-1E)

forallE∈A+.ItisknownthatanynormalstateonthevonNeum annalgebra力

isrepresentedbyavectorstatewithrespectto苧nelementof7㌢ (seel2,Lemma
2.10(i)])･Therefore,thea･boveelementYisunlquely-determined･Moreover,we
haveq;Yq;- αi(qiXqi)･Itfollowsthat(α(qiXqi))ConvergestoYinthestrong
topology.Henceonecan defineα(X)-YforallX ∈JM,Itisnowimmediate
thatα(x2)-α(x)2forallX∈ルfS.a..Consideringtheinverseorderisomorphism
U-1,wehaveα(〟)-JGLThiscompletestheproof. O

InthefollowingleⅡunawedealwitharedllCedmatrix-orderedstandardformby
acompletelypositivepTOjectiom

Lemma2･With(ルー,71,7in+)amatrix-Orderedslandar,dfom,leiEbeacompletely
positivepro3'eciionon71･Then(EJuE,E71,En71.I+)isamatrix-0rtleredstandarld
form.

Proof･Thestatementwassh机 in【8,Lemma31whereJu isq-finite･Inthe
c舶eWhereルイisnotq-&nite,sinceEisacompletelypositiveprojection,there
existsaYonNeun annalgebraNsuchthat(N,E71,En71.1+)isamatrix,ordered

ヲtandardform byt6,Lemma3】･HenceE･ulE71=Nand(E･uE･E71,En7in')
1Samatrix-orderedstandardformbyusingthesamediscussionasintheproofin
【7ト ロ

Now,weshallstatethedecompositiontheoremfわranorderisomorphismbetween
noncommutativeL2-spacesI

Theorem 3.Let(〟,71,71n')and(.CL,7Liin')bemよ地 -orderedstandardform s.
supposethatAisa1-positivemapoJ7iinto兎 suehthatA71+isaself-dualcone
inikeclosedrymgeOJA Ifboththesupportpro3'eciionEandtherangePr1031cction
FofA arecompletelypositive,thenthereedstsacentryllpro3-eciionPofE〟E
suchthatAPiscompletelypositiveandA(E-P)iscomplet_elyco-Positive･
Inparticular,ijAisanoTlderisomorphismof71onto71,thentheree3;isisa
centralprojectionPofJu SuchthatAPiscompletelypositiveandA(1-P)is
completelyco-Posilive･
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Proof.WefirstconsiderthecasewhereAisanorderisomorphism.LetU,Band
αbeaBinPropositionl･ItfollowsfromatheoremofKadisonl5】thatthereexists
acentralprojectionPofルtsatis&ing

α:JuP- ルーα(p),onto辛-isomorphism

and

α:〟 トP一人イa(1-P),Onto辛-aJlti-isomorphism･

hdeed,α(P)isacentralprojectionof.61.sinceαpreservesa*-operationand
power,α(P)isaprojection.Supposethataisanarbitraryprojectioninルー.
Sinceαisorderpreserving,wehaveα(QP)≦α(P)andα(a(1-P))≦α(1-P).It
followsthattwoprojectionsα(P)and也(QP)axecommutative,andsoareα(1-P)
andα(Q(1-P)).Hence,α(Q)-α(QP+a(1-P))andα(P)commute.Since
αisbijective,asetα(Q)_generatesavonNeum a- algebrah･Therefore,α(P)
belongstoacenterofJu.Now,therethenexistsauniquecompletelypositive
isometryu:Pn-α(P汚 さuchthat

u(p光+)-α(P)A+) and α(I)-um-1,x∈〟p

byl7,Proposition2･軋 whichisalsov_alidforthenon-q-finitecase･Hence(UxU-1壬,
i)-(u-~1日 ),ご∈JuP,i∈α(P)光+.we.have丘omthetmicity･ofacompletely
positiveisometrythatUP-u.Notethatα(P)UP-UP.hdeed,Wehavefor

f∈a(1-P)ji+thee.quauty
HPU-1引 l2-(UPU~lE,E)-(α(P)E,i)-0,

ThisyieldsPU-1α(1lP)-0,and80PU~1-pU-1a(p).Therefore,weobtain
thatAP-UBJBJp-UBJBJPandAPiscompletelypositive.

Wenextconsidera*-isomorphismα′:･uトp-･M'1-α(P)definedbyα′(X)-

J-a(X)･J-,X ∈･M1-P･T_herethenexistsami quecompletelypositiveisometry
v.･(1-P)71-α(1-P)γsuchtha;i

v(1-P)71+-(1-α(P))ji+ and α′(a)-V3TV-1,訂∈〟1_P.

Thenwehaveα(I)-J-vx'V-1J-,3:∈･ul-P･Notethat_thecompletepositivity
abovemeansvn(ト P)_n71才-(1-α(P))n7in'',where7in''denotestheself-dual
conesassoci如edwithルイ′(cf･[_10])_･巧encevisacompletelyco-positivemapunder
thesetting(〟 ,71,γ吉)and(〟 ,71,71n+).Hence

(UEF-1E,i)-(Jvx*V-1J-i,i)

-(JE,vx*V-1J-E)

-(wv-1E,i)

foral1I∈ルIトP,モ∈(1-P)九十･ItfollowsthatU(1-P)- V･Weconcludeby
theequalityA(1-P)-VBJBJ(ト P)thatA(1-号)iscompletelyco-positiv_e･
WenowconsiderageneralA.SinceA71十⊂71+,wehaveATE+⊂F7i+.

SinceFiSaProjection,F71+is_aself-dualconeinFチ七･Ⅰもfollowsfromtheself-
dualityofA7i+thatjm+-FIL+.ThisyieldsfromLemma.2thatFABisan
orderisomorphismofE7iontoF7iinthese_nseofmatrix-orderedstandardforms
(a.ME,E71,En7in+)and(F.CLF,F71,Fn7in+).Usingthefirstpartoftheproof,
weobtainthedesiredresult.Indeed,thereexist･sacentralprojectionP∈EJuE
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suchthatPAP iscompletelypositiveandFA(E -P)iscompletelyqo-positive
underthereducedmatrix-orderedstandardforms.Weobtaintheinclusion

t(A.,(E.1-Pn)7tn+)- i(FnAn(En-Pn)Tin+)⊂Fnlin+⊂7in+.
Thiscompletestheproof. □

Finally,theauthorwishestoexpresshissinceregratitudetoProfessorY.Xata-
yamaforha;vingpointedoutthisproblem tohim.Healsothanksthemembers

ofSendd Seminar,especiallyProfessorsT.OkayasuandK.Sait6fortheiruseful
Suggestioms･
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