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In this thesis, we focus on the logic synthesis and optimization of reversible and quan-
tum circuits for arithmetic logic units (ALUs). The main concept of our approach differs
from those of existing related studies, in that we emphasize the function design. Our
approach to investigating reversible functions includes (a) embedding of irreversible func-
tions into incompletely-specified reversible functions, (b) operation assignment, and (c)
permutation of function outputs. We provide some extensions of these techniques for
further improvement in the design of reversible functions. Furthermore, we propose a
minimization algorithm to obtain the minimum multiple-control Toffoli (MCT) circuits
and a greedy algorithm to reduce the quantum circuits. The organization of our thesis is
as follows.

Chapter 1 focuses on the motivation, objectives, and contributions of our study. Re-
versible computing is generally considered to be an unconventional form of computing,
which has drawn considerable attention from researchers in order to design low power
computing devices. The ALU is a key element for any programmable computing de-
vices. In the design of an ALU, the adder/subtractor block is a key element. A faster
adder /subtractor block will increase the efficiency of the ALU performance as well as that
of the entire system. The objective of this thesis is to design ALUs and adder/subtractor
blocks that achieve a higher performance and lower power consumption than those of
existing systems.

Chapter 2 describes some preliminaries of reversible and quantum logic. Reversible
logic has the same number of inputs and outputs and has a one-to-one mapping between
the vectors of the inputs and outputs. Thus, the vector of the input states can always be
reconstructed from the vector of the output states. The most promising application of



reversible logic is quantum computation. Researchers have utilized quantum computation
to solve many relevant problems faster than by traditional computing machines. For
example, the factorization problem can be solved in polynomial time using quantum
computation, whereas, only exponential algorithms are known for traditional machines.

Chapter 3 describes related work, and problems in previous synthesis and optimization
approaches. In recent decades, the Toffoli, Peres, and Fredkin gates have conventionally
been used to synthesize reversible circuits, and we adopt the MCT gate library to design a
reversible adder/subtractor and simple ALU circuits. Several ALU and adder/subtractor
designs were investigated based on reversible logic. We found that related approaches
for reversible adder/subtractors and ALUs lacked analysis on the level of the reversible
functional design. In this thesis, we focus on the logic synthesis and optimization of
reversible and quantum circuits for arithmetic logic units by emphasizing the functional
design.

Chapter 4 describes the unique and interesting aspect of our idea for the improve-
ment of reversible circuits. The overall process for reversible circuit synthesis is different
from those in related approaches. We attempt to achieve improvements on the level of
the function design. Our approach to investigating the reversible functions includes the
following;:

e The embedding of irreversible functions into incompletely-specified reversible func-
tions. To obtain a reversible circuit of an irreversible function, we first embed the
irreversible function into an incompletely-specified function to make it reversible.
In this work, we set a restriction in which only minimum necessary ancilla lines
(additional input Boolean variables for constructing the output function) are added
for embedding.

e The operation assignment is the unique and interesting aspect of our idea for im-
proving reversible circuits. This is a permutation of groups of rows in the truth
table. Even if the set of operations is the same, the functions consisting of those
operations vary according to the assignment of the operations. Our approach is to
try all permutations of operations and find the minimum circuit realization.

e We have employed the idea of permuting the outputs of a reversible function called
synthesis with output permutation (SWOP), as introduced in the book by Wille et
al. SWOP can easily be applied by encoding all output permutations, synthesizing
each in one turn, and keeping the best one.

Chapter 5 describes the proposed minimization algorithm for obtaining the minimum
MCT circuits. Our minimization algorithm consists of a combination of the equivalence
classes of the operation assignment and permutation of function outputs, and the mini-
mization problem is extended to a further reduction of gates in a circuit. We use the hash
tables of minimum MCT circuits with up to seven gates for 4-bit functions and five gates
for 5-bit functions. The tables are simply constructed using an exhaustive enumeration
of gate combinations.

Chapter 6 describes the reduction of the quantum circuits. We obtain quantum circuits
for our reversible adder/subtractors and ALUs by applying a greedy algorithm. This



algorithm performs the transformation of a given MCT circuit into a quantum circuit,
searches a pair of adjacent gates in the circuit by moving the gate according to the
moving rule, and applies various reduction rules to obtain the reduced quantum circuit.
The execution of moving and reducing the gates is repeated if the quantum gates in
the quantum circuit are successively reduced. The experimental results show that our
proposed designs are superior to existing designs in terms of the numbers of input lines,
constant inputs, garbage outputs, and the quantum cost.

Finally, Chapter 7 describes our conclusions and future works. In this thesis, we
present the minimum MCT circuits that realize adder/subtractors and some benchmark
ALUs. To improve the function design, our idea involves the unique and interesting
aspect of a minimization algorithm to obtain the minimum MCT circuits, and a greedy
algorithm to obtain the reduced quantum circuits. Although research in this area is still
in the early stages, the existence of promising application in future computing devices
motivates further research in this direction. Recently, the linear nearest neighbor (LNN)
architecture has received intense attention from a practical view point, and with respect
to various nanotechnologies, where each qubit can interact with at most one neighbor
above and one neighbor below. According to the different technological constraints, we
are considering to revise our synthesis approach and design more practical reversible and
quantum adder/subtractors and ALUs. Furthermore, it should be investigated whether
our proposed functional design approach can be adopted for additional arithmetic/logic
operations and other universal gate sets.
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